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Abstract
This paper dealswith the solvability and numerical solution of contact problemwith a local visco-plastic friction in the visco-plastic
Bingham rheology. The model problem discussed represents a simple hydro-mechanical model of the global project on a security of
regions endangered by great hurricanes and deluges. The main goal of the idea of this project is to connect the climatic observations
and the corresponding climatic models with the thermo-hydro-dynamic and the thermo-hydro-mechanic models, with the possibility
to estimate future destructions of such endangered regions with landslides of unstable slopes. The investigated mathematical model
is based on the visco-plastic Bingham rheology. The numerical approach is based on the semi-implicit scheme in time and the FE
approximation in space. The algorithm is shortly discussed.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The year 2005 has been through the tragedy inNewOrleans.Wewould like to present some idea connectedwith future
security of some parts of a country which are endangered by great hurricanes with great catastrophic consequences as
those in the case of the hurricane Katrine.
The idea of the proposal how to predict the future situation in the endangered regions is based on the mathematical
simulation of coupled thermo-hydro-mechanical and thermo-hydro-dynamical processes together with the climatic
processes in the endangered region during the strong hurricane. The enormous quantity of water in such regions has
consequences on the stability of slopes and on the security of such regions (see [5]).
The main goal of the presented idea is to connect the climatic, hydro-mechanic and geological observations and the
corresponding climatic, thermo-hydro-dynamic and thermo-hydro-mechanic models, with the possibility to estimate
future destruction of these endangered regions with landslides of the unstable slopes. The integral part of this idea is
to determine the causes of risks in endangered regions and to determine characteristic parameters for their evaluations
and analyses. The goal is to help with speciﬁcation and categorization of all these causes with aims at removal relevant
risks and symptoms of a crisis in such critical situations. Such complex evaluations of a future situation starting to be
an important foundation for elaboration of the “analyses of risks” for critical situations in such endangered regions.
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The main goal is to simulate and to predict all effects of the thermo-hydro-mechanical and thermo-hydro-dynamical
processes in the unsafe regions, intervened by hurricanes in critical situations. The mathematical model discussed will
be based on the thermo-visco-plastic rheology of Bingham type coupled with climatic models. The model must be
formulated as the 3D model. The Bingham rheology is characterized by two parameters—threshold of plasticity gˆ and
threshold of viscosity ˆ. From the characteristic properties of the used rheology, the following professional demands
for the project are requested:
• The geometry of the investigated region will be determined with the help of digitized cartographic maps of the
investigated region.
• Material properties of rocks in the investigated region will be determined from the geological and hydro-dynamical
observations and laboratory experiments.
• Acting loading forceswill be determined as resulting data from the climatic, geological and hydrological observations
and studies, etc.
• Temperature and hydro-dynamical data, like ﬂows of water in the rivers, hurricane data and data of its evolution in
future, an absorbing capacity of rocks by the water, properties of rocks in connection with stability of slopes, etc.,
will be determined from hydro-geological observations and studies.
It is evident that cooperation of specialists from climatology, geology, hydrology and mathematics and also of
specialists from the workplace of the National Hurricane’s Center in Miami, are fundamental for successfully close
of the project. In this contribution we limit ourselves to only small part of the presented project, to analysis of the
mathematical model of hydro-mechanical problem of non-stable slopes in connection with great ﬂood.
2. Formulation of the problem
The mathematical model discussed is based on the visco-plastic rheology of the Bingham type, since the Bingham
rheology, which is characterized by two parameters threshold of plasticity gˆ and threshold of viscosity ˆ, can bemodeled
by the rocks in investigated regions with great accuracy [3,4].
We will use the visco-plastic rheology with the following property: the material starts to ﬂow if and only if the
applied forces exceed a certain limit, the so-called yield limit. We speak about Bingham ﬂuid/solid media.
Let u= (ui) be the material velocity, let D= (Dij ), Dij =Dij (u)= 12 (ui/xjuj/xi) denote the strain rate tensor
and DD = (DDij ) the strain rate deviator. Denote by  = (ij ) the Cauchy stress tensor and by D = (Dij ) its deviator.
Besides the deviators DDij and 
D
ij the tensor deviator SD = (SDij ), corresponding to the plastic properties of the material,
is also introduced. Since Dij = SDij + 2ˆDDij , Dii = 0, it can be expressed as SDij = gˆDijD−1/2II , where DII = 12DijDij .
The constitutive law in the Bingham rheology can be written as [1,3]
ij = −pij + gˆDijD−1/2II + 2ˆDij = −pij + 21/2gˆDij |D|−1 + 2ˆDij , (1)
provided DII = 0, |D|21/2gˆ if DII = 0. For gˆ = 0, we have a classical viscous incompressible (Newtonian) ﬂuid;
for small gˆ > 0, we have strongly visco-plastic materials close to the classical viscous ﬂuid and for gˆ?0, we have rigid
materials.
Let ⊂ RN,N =2, 3,=∪r=1, be a union of bounded domains occupied by visco-plastic bodies with a smooth
boundary =u ∪∪0 ∪c, whereu represents one part of the boundary with prescribed velocity; is the part
of the boundary, where the loading is prescribed; 0 is the part of the boundary, where the symmetry condition or the
bilateral contact condition is given and c(=∪k,lklc , klc = k ∩ l , k = l, k, l ∈ {1, . . . , r}) represents the contact
boundary. Let the Eulerian coordinate system be a spatial variable system. Any repeated index implies summation from
1 to N . Let t ∈ I ≡ (0, tp), tp > 0, where tp is the duration of all processes. Let un = u.n, ut = u − unn,  = (ij nj ),
n = ij njni , t =  − nn be the normal and tangentialcomponents of the velocity and stress vectors. Next, we will
solve the following problem:
Problem 2.1. Find a function u : × I → RN × I,N = 2, 3 and a stress tensor ij : × I → RN×N × I satisfying
(ui/t + ukui/xk) = ij /xj + fi in × I , (2)
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div u = 0 in × I , (3)
ij nj = Pi on  × I , (4)
u(x, t) = u1(x, t) on u × I , (5)
un(x, t) = 0, t (x, t) = 0 on 0 × I , (6)
and on c × I the bilateral contact condition with local friction law
ukn − uln = 0 and |kt |Fklc |SDk|,
if |kt |<Fklc |SDk| then ukt − ult = 0,
if |kt | =Fklc |SDk| then there exists 	0
such that ukt − ult = −	kt , (7)
u(x, t0) = u0(x), (8)
whereFklc is a coefﬁcient of friction and ij in (2) is deﬁned by (1).
In case that |SD| = |n|, (7) represents the classical Coulombian law of friction. If we set |SD| = |D| and if we
determine |D| from (1), we obtain |D| = gˆ + 2ˆ|D(u)|. Then the contact condition (7) depends on the solution of
the investigated problem, and therefore we speak about the visco-plastic law of friction in the Bingham rheology. For
simplicity in our further analysis we can assume that u1(x, t) = 0.
3. Variational (weak) solution of the problem
We introduce the Sobolev spaces [Hs()]k ≡ Hs,k() of the (possibly fractional) order s and other spaces as usual
(see [3,6]). For s1 the following spaces and sets:
1Hs,N() = 
r=11Hs,N() = {v|v ∈ Hs,N(), div v = 0 in ∪r=1, vkn − vln = 0 on ∪k,lklc , vn|0 = 0},
1Vs() = {v|v ∈ 1Hs,N(), v|u = 0}
are introduced, where Hs,N() is a (fractional) Hilbert space with the norm ‖.‖s,N . For simplicity we put 1H 1,N ()=
1H (), ‖.‖1,N ≡ ‖.‖1 and ‖.‖0,N ≡ ‖.‖0 in H 0,N (). We denote the dual space of 1Hs,N() by (1Hs,N())′ and
similarly in other cases. For s > 1 we have 1Vs ⊂ 1V1 = 1V ⊂ 1V0 ⊂ 1V
′ ⊂ 1V ′s . Moreover, putting v′ = v/t ,
1H = {v|v ∈ L2(I ; 1Vs), v′ ∈ L2(I ;H 0,N ()), v(x, t0) = 0}.
We assume that f (x, t) ∈ L2(I ; (H 1,N ())′), P(x, t) ∈ L2(I ;L2,N ()), , gˆ, ˆ are piecewise constant and
positive,Fklc ∈ L∞(klc ),Fklc 0 a.e. on ∪k,lklc .
For u, v ∈ H 1,N () we put
(u′, v) =
r∑
=1
(u′, v) =
∫

u′v dx,
a(u, v) =
r∑
=1
a(u, v) = 2
∫

ˆDij (u)Dij (v) dx,
L(v) =
r∑
=1
L(v) =
∫

fivi dx +
∫

Pivi ds ≡ (F, v),
b(u, v,w) =
r∑
=1
b(u, v,w) =
∫

ui
vj
xi
wj dx,
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j (v) =
r∑
=1
j (v) = 2
∫

gˆ(DII (v))
1/2 dx,
jg(u, v) =
r∑
=1
j g(u
, v) =
∫
∪klklc
Fklc |SD||vkt − vlt | ds.
Multiplying (2) by v − u(t), integrating over  and applying the Green theorem and the boundary conditions, then
after some modiﬁcation, including among other the integration in time over the interval I , we obtain the following
variational (weak) formulation:
Problem 3.1. Find a function u such that u ∈ 1H and
∫
I
[(u′(t), v − u(t)) + a(u(t), v − u(t)) + b(u(t),u(t), v − u(t))
+ j (v(t)) − j (u(t)) + jg(v(t)) − jg(u(t))] dt
∫
I
L(v − u(t)) dt ∀v ∈ 1H
holds for a.a. t ∈ I . (9)
The main result is represented by the following theorem:
Theorem 3.1. Let N2, s = N/2. Let f ∈ L2(I ; (H 1,N ())′), P ∈ L2(I ;L2,N ()), gˆ, ˆ piecewise constant,
Fklc ∈ L∞(klc ),Fklc 0 a.e. on ∪k,lklc . Then there exists a function u such that
u ∈ L2(I ; 1Vs()) ∩ L∞(I ; 1V0()),u′ ∈ L2(I ; (1Vs())′),
u(x, t0) = u0(x) ∈ 1H 1,N ()
and satisfying the variational inequality (9).
4. Numerical approach
Let h be a polyhedral approximation to  in R3 and let its boundary be denoted as h =uh ∪h ∪0h ∪ch.
Let Th be a partition of ¯h by tetrahedra Th. Let h = h(Th) be the maximum diameter of tetrahedral elements Th.
Let Th ∈ Th be a tetrahedron with vertices Pi, i = 1, . . . , 4 and let Ri be the barycenters with respect to the points
Pi, i = 1, . . . , 4. Assume that {Th} is a regular family of partitioning Th of h such that ¯h = ∪Th∈ThTh.
Let n be an integer and set k = tp/n. Let f i+
k = (1/k)
∫ (i+
)k
ik
f(t) dt , i = 0, . . . , n − 1, 0
1, f i+
k ∈ V ′s .
We start with the initial data u0 =0. When u0, . . . ,ui are known, we deﬁne ui+1 as an element of 1Vs . The existence
of a function ui+1 for each ﬁxed k and each i0 can be proved. As regards the spatial discretization, there are several
classes of possibilities for approximation 1Vs by its ﬁnite element space 1Vh [7,3]. The space 1Vs is approximated by
the space of linear non-conforming functions 1Vh.
Let 1Vh = {vh|vhi ∈ P ∗1 , i = 1, . . . , N,∀Th ∈ Th, continuous in barycenters of tetrahedra Bj , j = 1, . . . , m, and
equal to zero in Bj laying on uh,
∑
i=1,...,Nvhi/xi = 0, vh = 0, x ∈ \¯h}, where P ∗1 denotes the space of all
non-conforming linear polynomials, 1Vh = {vh|vh ∈ 1Vh, vh = u1 on uh}.
Given a triangulation Th ofh, we assume u0h to be given in 1Vh, and, taken that u0h tends to u0 in 1Vh when h → 0+.
We will assume that ‖u0h‖ is bounded. We deﬁne recursively for each k and h a family of elements u0h, . . . ,uih of
1Vh, which will be based on semi-implicit scheme, which will be introduced as follows: the time derivatives will be
approximated by the backward differences, then
ui+
h =
ui+1h + (1 −
)uih, ui+1h =
−1ui+
h −
(1 −
)


uih, 0<
1.
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Suppose that u0h, . . . ,u
i
h are known, then we determine u
i+1
h by the scheme
(ui+1h − uih, vh − ui+
h ) + kah(ui+
h , vh − ui+
h ) + kbh(ui+
h ,ui+
h , vh)
+ kjh(vh) − kjh(ui+
h ) + kjgh(vh) − kjgh(ui+
h )
k(Fi+
k , vh − ui+
h ) ∀vh ∈ 1Vh. (10)
Since the contact conditions depend on the solution of the studied problem, we will assume that jgh(vh)= jgh(uih, vh).
Since the term gˆDij (u)D−1/2II (u) in the variational formulation creates the non-differential functional j (u) and as‖j ′′ε (u)‖∗  1/ε (see [2]), we can expect that problem (9) will be badly conditioned. Therefore, we introduce the
multipliers m = (mij ), i, j = 1, . . . , N , deﬁned by (see [1, Chapter 6, Section 9 and 2, Section 50])
mij ∈ L∞(× I ), mij = mji ∀i, j,mii = 0,
mijmij 1 a.e. in × I ,
mijDij (u) = (Dij (u)Dij (u))1/2 = 21/2D1/2II (u) a.e. in × I .
Multipliersm ∈ K={m|mij ∈ L∞(×I ), ‖m‖∞1}, can be approximated by tensor’s functions, which are piecewise
constant on every Th ∈ Th. The space K will be approximated by
Kh = {mh|‖mh‖∞1,mhjl piecewise constant on every Th,
mhjl = 0 on \h, j, l = 1, . . . , N,mhjl = mhlj }.
Then we have the following scheme:
Problem 4.1. Let u0h,u
1
h, . . . ,u
i
h be known. Then u
i+1
h ,u
i+

h ,m
i+

h can be determined by
mi+
hjl m
i+

hjl 1 on every Th ∈ Th,
mi+
hjl = mi+
hlj , mi+
hjl ∈ L∞(), 1j, lN ,
mi+
hjl Djl(u
i+

h ) = (Djl(ui+
h )Djl(ui+
h ))1/2 on every Th ∈ Th,
(ui+
h , vh) + k
ah(ui+
h , vh) + k
bh(uih,uih, vh)
+ 21/2k
gˆ(mi+
hjl ,Djl(vh)) + k
jgh(vh) = k
(Fi+
h , vh) + (uih, vh)
∀vh ∈ 1Vh, i = 0, 1, . . . , n − 1,
and ui+1h will be determined from u
i+1
h =
−1ui+
h +
−1(1 −
)uih. (11)
Let |.|h be the norm in L2()([L2()]N), ‖.‖h in 1Vh, 1Vh. According to [7], |uh|hd1‖uh‖h, ‖uh‖hS0(h)|uh|h
∀uh ∈ 1Vh, d1 is constant and independent of h and |bh(uh,uh, vh)|S1(h)|uh|h‖uh‖h|vh|h ∀uh, vh ∈ 1Vh, where
S1(h)d1S20 (h) and bh(uh,uh,uh) = 0 ∀uh ∈ 1Vh.Further, we have
|(mh,Dvh)| |mh||Dvh| =
⎛
⎝
∫

N∑
j,l=1
(mhjl)
2 dx
⎞
⎠
1/2⎛
⎝
∫

N∑
j,l=1
(Djl(vh))
2 dx
⎞
⎠
1/2
.
Since
∫

N∑
j,l=1
(Djl(vh))
2 dx‖vh‖21,N ,
∫

N∑
j,l=1
(mhjl)
2 dxmeas() ∀m ∈ K ,
then
|k
21/2gˆ(mh,Dvh)|(k
21/2gˆ(meas()))1/2‖vh‖21,N ∀m ∈ K ∀vh ∈ 1Vh.
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It can be shown that uih and u
i+1
h , deﬁned by scheme (10), 
 12 , satisfy
Proposition 4.1. Let the family of triangulations {Th} be uniformly regular and let the angles in the tetrahedra be less
or equal to /2. Let k, h satisfy kS20(h)d , where d is a positive constant independent of k, h. Let 
 12 . Then uih and
ui+
h , deﬁned by scheme (10), satisfy
‖uih‖20,Nc, i = 0, . . . , n, k
n−1∑
i=0
‖ui+
h ‖21,Nc, (12)
n−1∑
i=0
‖ui+1h − uih‖20,Nc, k
n−1∑
i=0
‖ui+1h − uih‖21,Nc, (13)
where c are generally different constants independent of k, h.
Scheme (10) is stable. Under the assumptions of Proposition 4.1 it can be shown that scheme (10) converges. The
proofs are modiﬁcations of that of [7,3].
4.1. Algorithm
The problem is nonlinear as terms bh(uih,u
i
h, vh) and jh(vh) are nonlinear, and moreover, the functionals jh(vh)
and jgh(vh) are non-differentiable functionals (in the case of jgh(vh) we will use its jgεh(vh) approximation or we
will assume that it depends on velocities in several previous time levels). The difﬁculty in practical computations is
connected with the approximation of the incompressibility constraint div vh = 0. It lies in ﬁnding the basis of the space
1Vh with div vh =0. The further numerical difﬁculty represents the discrete approximation of the pressure. In our study
the Uzawa algorithm will be used. The Uzawa algorithm will be also used to ﬁnd a saddle point of the Lagrangian
introduced below. In every step of Uzawa’s algorithm the system of linear algebraic equations with sparse positive
deﬁnite matrix is solved by using the conjugate gradient method.
Let us introduce the bilinear form Ah(vh, vh) and the operator A¯h on 1Vh by
Ah(uh, vh) = (uh, vh) + k
ah(uh, vh) ∀uh, vh ∈ 1Vh,
(A¯huh, vh) = (uh, vh) + k
ah(uh, vh) + k
bh(uh,uh, vh).
Then Problem 4.1 can be rewritten as follows:
Problem 4.2. Let u0h,u
1
h, . . . ,u
i
h be known. Then u
i+

h will be determined as
Ah(u
i+

h , vh) + k
bh(ui+
h ,ui+
h , vh) + k
21/2gˆ(mi+
h ,Dvh)
+ k
jgh(vh) = (uih, vh) + k
(Fi+
k , vh) ∀vh ∈ 1Vh,
(m − mi+
h ,Dvh)0
∀m ∈ K = {m|mjl = mlj ∈ L∞(× I ), ‖m‖∞1, j, l = 1, . . . , N}
i = 0, . . . , n − 1, 12
1. (14)
It is evident that the last condition is equivalent to that of Problem 4.1 as for m ∈ K we have
21/2(m,Dvh)21/2
∫

(Dij (vh)Dij (vh))
1/2 dx = jh(vh).
Let us introduce the LagrangianLh(vh,mh) by
Lh(vh,mh) = 12 (A¯hvh, vh) + k
2
1/2gˆ(mh,Dvh) + k
jgh(vh) − 〈Lih, vh〉
=J(vh) + (mh,h(vh)),
〈Lih, vh〉 = (uih, vh) + k
(Fi+
k , vh), h(vh) = k
21/2gˆDvh.
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Fig. 1. The velocity distribution in the vertical loading case.
Fig. 2. The distribution of the vertical velocity component in the vertical loading case.
Then Problem 4.2 is equivalent to ﬁnding a saddle point of the LagrangianLh(., .) : 1Vh × Kh → R such that
Lh(u
i+

h ,m
i+

h )Lh(vh,m
i+

h ) ∀vh ∈ 1Vh,
Lh(u
i+

h ,mh)Lh(u
i+

h ,m
i+

h ) ∀mh ∈ Kh,
i = 0, . . . , n − 1, 12
1. (15)
Finding a saddle point, the Uzawa algorithm is used. To derive the discrete divergence Dhuh=divThuh and the discrete
approximation of pressure p the techniques of [7], representing also an optimization problem based on the Uzawa
algorithm, can be used.
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Fig. 3. The distribution of the vertical velocity component in the vertical and horizontal loading case.
Then both Uzawa’s algorithms can be compiled into one Uzawa’s algorithm only and the functional jgh(vh) will be
approximated, e.g., as jgh(vh) = jgh(uih, vh).
5. Results
In our contribution we will limit ourselves to a frictionless model problem, where the threshold of plasticity gˆ and
threshold of viscosity ˆ do not depend on the x2 coordinate. For simplicity, these parameters were assumed to be
constant (gˆ=2.89×108 kgm−2, ˆ=2.94×106 kgm−1 s−1, =2×103 kgm−3). The theory was tested on the loaded
small unstable slope during the strong hurricane. The model’s width is 18m, its height is 12m. The slope instability is
a consequence of an enormous quantity of water in the region, having also a great inﬂuence on a security of this region.
In Figs. 1–3 the models of unstable slopes, loaded by a vertical (P) and horizontal (P0) loading, are presented. While
in Fig. 1 the distribution of material velocity in a vertically loaded (i.e., byP=1000 kgm−2) unstable slope is presented,
in Fig. 2 the distribution of vertical component of velocity is given.
In Fig. 3 the distribution of vertical velocity component for the case where the value of vertical loading P is the same
as in the previous case and the horizontal loading P0 is 1.5 times higher than the vertical loading P is shown.
The analysis of numerical results indicates zones of eventual loosening in the slope. Numerical analysis indicates
strong oscillations around a slow exponential average convergence in the case of the internal Uzawa algorithm and an
exponential convergence of the outer Uzawa algorithm.
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